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Connections on principal prolongations of principal bundles

Abstract: We study principal connections on the r-th order principal pro-
longation W” P of a principal bundle P(M, G), dim M = m. The bundle W"P —
M, which is a principal bundle with structure group W}, G, plays a fundamen-
tal role both in the geometric theory of jet prolongations of associated bundles
and in the gauge theories of mathematical physics. If G = {e} is the one-
element group, then W"(M x {e}) = P"M is the r-th order frame bundle of
the base M. So some our results can be viewed as a generalization of the theory
of connections on P"M. In particular, there is a canonical R™ x Lie (W!~1G)-
valued 1-form ©,. on W"P. The torsion of a connection A on W"P is the co-
variant exterior differential DA ©,..

Let EP = TP/G be the Lie algebroid of P. Its r-jet prolongation J"(EP —
M) coincides with the Lie algebroid of W7 P. We start from the fact that the con-
nections A on W7 P are in bijection with the linear splittings 6 : TM — J"(EP).
The torsion 7(d) of ¢ can be defined by means of the jet prolongation of the
bracket of EP. We deduce that DA©, and 7(0) are naturally equivalent. Fur-
ther, analogously to the case of P"M, the torsion free connections on W"P are
in bijection with the reductions of W" ! P to the subgroup G}, x G C Wi 'G.

According to the general theory, every principal connection I"' on P and a
linear r-th order connection A, : TM — J"T'M induce, by means of flows,
a connection W"(T', A,.) on W P. We clarify that W"(T', A) can be easily con-
structed in the algebroid form. This enables us to deduce several original ge-
ometric results. — We also extend some our constructions and results to an
arbitrary fiber product preserving bundle functor on the category of fibered
manifolds with m-dimensional bases and fibered manifold morphisms with
local diffeomorphisms as base map.



